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Abstract: Let Mx{u) be the moduli space of semi-stable pure sheaves of 
class u on a smooth complex projective surface X. We specify 
^ ' u = (0, L, x{u) = 0), i.e. sheaves in u are of dimension 1. There is a natural 

morphism vr from the moduli space M^{u) to the linear system \L\. We 
pq ! study a series of determinant line bundles \c^ on M^{u) via vr. Denote ql the 

cn \ arithmetic genus of curves in \L\. For any X and ql < 0, we compute the 

)n ; generating function Z'^(t) = J2n h°{M^{u), Xc-Jt""- For X being P^ or 

^ ' P(Opi © Opi(-e)) with e = 0, 1, we compute Z\t) for gi > and Z''{t) for 

all r and gi = 1,2. Our results provide a numerical check to Strange Duality 
in these specified situations, together with Gottsche's computation. And in 
►v> I addition, we get an interesting corollary ( Corollary 14 . 2 . 1 3]) in the theory of 

H ' compactified Jacobian of integral curves. 



1 Introduction 

It is an interesting problem in its own right to determine the generating func- 
tion of the sections of determinant line bundles on moduli space of pure sheaves 
of dimension 1. But an additional motivation of our work comes from the so- 
called Strange Duality conjecture due to Le Potier. 

Let X be any projective scheme of dimension d over an algebraically 
closed field of characteristic zero, and H the very ample divisor on it. Let 
K(A) be the Grothendieck group of X. For any two elements u,c & K(A), we 



say they are orthogonal to each other, i.e. m _L c, if x{u ® c) = with x being 
the holomorphic Euler characteristic. For any u G K(X), there is a projective 
scheme Mx{u) corepresenting the functor of semi-stable sheaves with respect 
to H in u. Let h = [Oh]- Given any other element c G K(X) such that 

ceu^n{h,h\...,h'^)^^, (1.1) 

we then can associate to c a well-defined determinant line bundle Ac. 

If X is a smooth complex projective curve, then given any two elements 
c,ue K(X) satisfying ([H]), the locus in Mf (m) x Mj^{c) 

D^ = {{E, F) G Mf (m) X M^{c) s.t. h^{E ® F) ^ Q} (1.2) 

is a divisor of the line bundle A„ Kl Ac on Mx{u) x Mx{c) and induces a 
morphism D well-defined up to scalars, 

D : H\M^{u), X,r ^ H%M^{c), A„). (1.3) 

The Strange Duality conjecture for curves due to Beauville and Donagi-Tu 
says that the map D in (11.31) is an isomorphism. This conjecture has been 
studied by many people and has recently been proven. (For generic curves: 
Prakash Belkale in 2006; for all curves: Alina Marian, Dragos Oprea in 2007, 
and also Prakash Belkale in 2009.) 

Now let X be a smooth complex projective surface. In general the locus 
D\ in (II. 2p might not be a divisor in M^iu) x Mx{c). However, when Dx is 
a divisor, is the induced morphism D an isomorphism? This is the question 
proposed by Strange Duality conjecture for surfaces and so far only few special 
cases are known. For instance Danila proves that Strange Duality holds for 
u = {0,dH,x{u) = 0),c = (2,0,02) on P^ for small C2 and d = 1,2,3 (see 
[5j); and Marian and Oprea prove that it holds in a large number of cases for 
generic K3 surfaces (see [3J). 

Strange Duality also proposes a numerical question, namely, whether the 
following equality holds 

/i°(Mf (w), Ac) = /i°(Mf (c), A„)? (1.4) 

There is another version of Strange Duality on the numerical level. In- 
stead of the same dimension of the spaces of global sections, we ask whether the 
two line bundles have the same Euler characteristic. In other words, whether 
the following equality holds 

x(Mf(n), Ac) = x(Mf(c), A.)? (1.5) 



Some people think that Strange Duahty conjecture might be too "good" 
to be always true and Equation (11.51) seems more reasonable than Equation 
(ll.4p . In fact in all the cases that are known so far, both Ac and A„ have no 
higher cohomology. Hence in those cases fll.4p and (11 .Sp are both true. 

In this paper we let X be a smooth complex projective surface, and most 
of the time X = P^ or P(Cpi © Cpi(-e)) with e = 0, 1. And we let u and c be 
specified as u = (0, L, x{u) = 0) for L an effective line bundle on X satisfying 
some conditions (see Subsection 4.2), and c = d^ = r[Ox] —n[Opt] where Opt is 
the skyscraper sheaf supported at a point in X. In this situation, the locus Dx 
in (11.21) is a divisor in M^{u) x M^{c) (see [S] Theorem 2.1). Hence we have 
a morphism D well-defined up to scalars as in (II. 3p . According to Strange 
Duality, the morphism D is conjectured to be an isomorphism. 

We are concerned mainly with the numerical version of Strange Duality. 
We would like to check (ll.4p and (II. 5p for our specified u and c = d^. 

For r = 1, x(M^(c^), A^j) equals to /i°(M^(c^), A„) and has been com- 
puted in |16j. In this paper we get the first equality in this case and moreover 
the morphism D in (II. 3p is an isomorphism. 

For r = 2, on the right hand side of both equations, it corresponds 
to studying the Donaldson line bundle on M^ic^J. Gottsche has computed 
x(M^(2, ci, C2), Al), for X P^ or any Hirzebruch surface. And given n large 
enough, the higher cohomology groups of Xl will vanish. 

In this paper for X = P^ or P(Cpi © Opi(-e)) with e = 0, 1, we also 
compute the generating function 

Z^it) = J2h'iM^iu),XcrJt\ (1.6) 

n>0 

for any r > 1 and Ql "^ "2 with g^ the arithmetic genus of curves in \L\. We 
also show that Ac^ has no higher cohomologies and hence the results as r = 2 
provide a check for the equality (ll.Sp . And moreover the equality in (II. 4p holds 
for n big enough. 

The structure of the paper is as follows. In section 2, we briefly review 
how to define the determinant line bundles. In section 3, we give some basic 
properties of the moduli space M^iu) and the line bundle Acj;. In section 4, 
we compute the generating function (II. 6p . We divide section 4 into several 
subsections, we deal with the case (^l < in the first subsection. Then we 
specify X to be P^ or P(Opi © Opi(-e)) with e = 0, 1 and in the second 
subsection we prove the result when r = 1 and also we get an interesting 



corollary in compactified Jacobian theory of integral planar curves. Finally 
the cases as r > 2 and g^ = 1,2 are studied in the last two subsections. 



2 Preliminaries 

For any X projective scheme of dimension d over an algebraically closed field k 
of characteristic zero, with H the very ample divisor on it and u G K(X), one 
can construct a moduli space M^{u) corepresenting the functor of semi-stable 
sheaves with respect to H of class u, as a categorical quotient of some open 
subscheme flu in a Quot— scheme by a reductive group, (see [9] chap. 4.) 

n„^^Mf(«), (2.1) 

where (pu is a categorical quotient. 

Let c be another element in K(X) satisfying (II. ip . then there is a well- 
defined so-called determinant line bundle Ac on M^{u) obtained by descending 
a line bundle Ac on Q^- Ac is defined as the image of c through A which is the 
composition of the following homomorphisms: 

Ko(X) -^ K\n^ X X) -^ K°(fi„ X X) ^- K°(fi„) ^^ Pic(fi„), 

(2.2) 
where [T].[g] = J2pi~'^yTorP{T,g), pi([^]) = Ei(-l)'[^V*^]; and ^ is a 
universal sheaf on flu x X. Although the universal sheaf is not unique, it won't 
cause ambiguity because of (II. ip . (also see [9] chap. 8.) 

Notice that when X is a simply connected surface, i.e. H^{Ox) = 0, both 
the moduli spaces and the line bundles only depend on the images of u and 
c in 'K{X)num- Here K(X)„„m is the Grothendieck group modulo numerical 
equivalence. 



3 Determinant line bundles Ac? on M^{u) 

Let X be a smooth complex projective surface, and u = (0, L, x{u) = 0), where 
L is an effective line bundle on X and x('^) is the Euler characteristic. Let 
c^ = r[Ox] — n[Opt] with r > 1 with Opt the skyscraper sheaf supported at 
a point in X. Then we have u _L c^ for all r and n. One sees that the map 
A defined in (12. 2p is a group homomorphism. So we have Ac^ ~ O®^ ^ -^pt""? 



where 9 and Apt are line bundles obtained by descending X{Ox) and A(Cpj) on 
Qu respectively. We have the following lemma for the determinant line bundles 
on M^{u). 

Lemma 3.0.1. For any c -L u with c of positive rank, choose a representative 
torsion-free sheaf Q G c, then 

1, Tor\j^, ^) = for all i > and [J^] G Mf (m); 

2, there is a natural global section of Ac whose zero set consists of all 
points [J^] that h^{g ® J^) ^ 0. 

Moreover B has a natural global section whose zero set consists of all the 
points [J^] that h°{J^) ^ 0. 

Proof. See |5], Lemma 2.3 and Lemma 2.4. D 

It is easy to define a set map vr from the moduli space M^{u) to the 
linear system \L\, satisfying the condition C as follows. 

C : Generally when the sheaf E is of rank 1 at its support, vr sends it to 
its support. When E is of higher rank at some component, its image is a curve 
having nonreduced structure at that component and the multiplicity is equal 
to the rank. 

Since all sheaves in M^{u) have the same first Chern class, vr is well- 
defined a priori as a set map. We have the following proposition. 

Proposition 3.0.2. vr : M^{u) -^ \L\ is a morphism. 

Proof. We first show that there is a morphism n : Q^ ~^ \L\ satisfying condition 
C above. And because vr is invariant under the group action, it factors through 
the quotient 0^ and gives the morphism vr. 

By Lemma 14.5.131 in Appendix A, we have a locally free resolution on 
fiu X X for the universal sheaf S. 

^A^^B ^£ -0, 

where A and B are locally free sheaves. 

Since S is a family of sheaves of dimension 1, the map a is locally given by 
a square matrix. So we can define a section of the line bundle {detA)~^ ® detB 
as det a. The divisor given by this section defines a subscheme in Q^ x AT, which 
induces a morphism tt from Qu to \L\ satisfying condition C, this is because 
\L\ represents the functor of curves in class L in X. Hence the proposition. D 



We call the image of [J-"] G M^{u) through vr the schematic support 
of J-". Since we have a inorphism vr : M^{u) -^ \L\, it is natural to study the 
moduli space via vr. Especially we have the following proposition due to Le 
Potier (liu, Proposition 2.8). 

Proposition 3.0.3. If Opt is not supported at a base point of \L\, then Xpt — 
vr*0|L|(-l). 

Let c^ = r[(9x] —n[Opt] with the skyscraper sheaf [Opt] generic so that it 
is not supported at any base point of \L\. We then have Xc^ ~ 6^ ® 7i*0\L\{n). 
From now on we write 0'' (g) 7f*0\L\{n) as <d^{n) for short. 

Proposition 3.0.4. B''(s) is ample on Mx{u) for any positive r and s ^ 0. 

Proof. Proposition 7.6 and Proposition 7.7 in [1] imply that Ac is ample on 

Mf (m) for 

c = P{n)[Ox{mH)]-P{m)[Ox{nH)] = {m-n)H.L[Ox]--{H.Lnm{m-n))[Opt], 

where P{n) = H.Ln is the Hilbert polynomial of sheaves in u respect to a very 
ample line bundle H, and m > n ^ 0. We see that Ac — Q^™'~^^^'^{^{H.Lnm{m— 
n))). Moreover TT*0\n{l) is nef and hence G'"(s) is ample for s ^ 0. D 



4 Main results 

Fix u and c as in previous section, and let Opt not be supported at the base 
points of \L\, we consider the generating function for any fixed r > 1 : 

Z^{t) = Y,h%M^{u),X,rJt\ 

n 

Because of Proposition 13.0.3) above we can write Z^{t) as 

Z^{t) = J2h\M^{u),e^{n)r. 



Since h°{M^{u), Xc^) = /i°(|L|, 7r^,Ac^), and tt^Ac^ ~ 7r*(6^) ^0\L\{n), we 
have 



Since M^{u) is projective, 7r^,(B'") is coherent on \L\ and hence this sum is 
bounded below, i.e. for every fixed r, 3A^q G Z, such that h^{M^{u), Ac^J = 0, 



for all n < Nq. 



For any two divisor classes L and L', we write L' < L if L — L' is an 
effective class, i.e. h^{L — L') ^ 0; and write L' < L ii L' < L and L' ^ L. Let 
gi (resp. gi') be the arithmetic genus of curves in \L\ (resp. \L'\). 



4.1 Non-positive genus cases 

In this subsecton we consider the case when ^fL < 0. We have the following 
description for the moduli space M^{u) over \L\ and the determinant line 
bundles via the canonical morphism vr : M^{u) -^ \L\. 

Proposition 4.1.1. Let \L\ be a linear system satisfying the following condi- 
tion: 

For any < L' < L, we have gii < 0, i.e. every curve in \L\ does not 
contain any subscheme with positive genus; 

Then M^{u) ~ \L\, B ~ ^\l\, ond every closed point p in M^{u) cor- 
responds to a class S-equivalent to Opi{—l)®^^ with Nq the number of irre- 
ducible components counting the multiplicity if it is not reduced, of the curve 

[C]='k{p)e\L\. 

Proof. In order to prove Mx{u) ~ \L\, it is enough to show that in this case 
TT : M^iu) — )■ \L\ is bijective. 

Let C be an arbitrary curve in |L|, let {Cj} be the collection of its ir- 
reducible components with reduced structure, i.e. Ci ~ P^ since C has no 
subscheme of positive genus. We then can write C = ^^ niiCi as a divisor and 

let Nc := '^rrii. 

It is enough to show that for any curve [C] G \L\, 7r^^([C]) is only one 
point corresponding to the S-equivalence class of 0j C'cil" l)®™'"- And then 
by Lemma [3.0.11 the claim on will follow since h^{Oj>i{—l)) = 0. 

We want to prove the following statement: for any J-" semi-stable sheaf 
of Cc-modules, which is of Euler characteristic zero, J-" is S-equivalent to 
0. Cc,(-1)®"% with ni[Ci] the first Chern class of J^. 

Let C = ^ min{ni, mi)Ci. Notice that if C C C, then J^ is a C^module 
and then we can reduce to C. So with no loss of generality, we assume that 
iT-i > mi. And the case rij = rrii proves the proposition. 



Now we prove that statement. We first assume that [C] is connected. 
We then do the induction on Nq- 

If Nc = 1, then the statement is trivial since C = F^ and every semi- 
stable sheaf J-' of Euler characteristic zero and first Chern class n[C] is isomor- 
phic to Cpi(-l)®". 

Assume when Nc < n, all semi-stable sheaves J-" with xi^) = on C are 
S-equivalent to 0^ Oci(— 1)®"^ with ni[Ci] the first Chern class of J-". Then let 
C have Nc = n + 1 irreducible components counting with multiplicity. There 
must exist one integral subscheme C ~ P^ in C such that L'.{L — L') < 1 
with L' the class of C. This is because, if every integral curve in C intersected 
the closure of its complement at no less than two points, C would have a 
"circle" and hence there would be a subscheme of C with positive genus, which 
contradicts the given assumption. Let C, = L'.{L — L') and C" = C — C. Then 
we have these two exact sequences: 

Oc'{-0 -Oc Oc 0; (4.1) 

-/ -Cc ^Oc -0. (4.2) 

In the second sequence / is defined as the kernel. We do not write 
Oc"{—C,) but / instead because C" may not have all the points linearly equiv- 
alent. Let J-" G 7r~^([C]), we then tensor those two exact sequences by J-', we 
get 

J'lc'i-O^-^J' -J'lc -0; (4.3) 

J^®/ ^J^^^J^lc -0; (4.4) 

The morphism b is not zero because it is just a restriction. Let J-'' be the 
torsion-free part of J-'\c", then J-"' is a direct sum of line bundles on C" ~ P^. 
And since every direct summand (^^/(/i) of J-'' is a quotient of J-", /i > — 1 
because of the semi-stabiblity of J-". 

The morphism a factors through J^\c>{—C) — )■ J^'{—^) since J-' is pure. If 
a 7^ 0, then there exists one summand Cpi(/i) of J-"' such that xi^F^if^^O) — O5 
hence H < —I + C, and hence either ^ = and fi = —1 or ^ = 1 and /i = 0. 
And hence either there is a quotient ^ of J-" and Q ^ (9pi(— 1) or there is a 
subsheaf Q' of J-' such that Q' ~ (9pi(— 1). For the first case, we have 

Because every subsheaf of /C can not have positive Euler characteristic, it 
is semi-stable of Euler characteristic 0. And hence J-" is S-equivalent to /C © 



Opi{—l). But /C is supported at curve C" with Nq" < Nc, so by induction we 
are done. For the second case when J-" has a subsheaf isomorphic to (9pi(— 1), 
it is analogous. 

If a is zero, that means that J-' is actually a Cc"'-niodule, then we can 
use the induction assumption to get the result. And thus we have proven the 
proposition for C connected. 

And when C has more than one connected component, the conclusion 
follows immediately from the fact that J-" is the direct sum of its restrictions to 
every connected component. Hence we have proven the whole proposition. D 

Proposition 14.1.11 applies to these following examples: 

Example 4.1.2. X = P^. Denote H the hyperplane. Then we let L = dH 
with d = 1,2. 

Example 4.1.3. Let X be any Hirzebruch suface, i.e. X = P((9pi ©(9pi(— e)) 
for some e > 0. Let F be the fiber class and G the section class with G.G = — e. 
Then L = nF, nG, nF + G, for any n > 1. 

And on the blow-up X, denote F (resp. G) the pull back of F (resp. G) 
and E the exceptional divisor. Then L = F,G, 2F — E, 2G — E,F + G — E. 



z^(t) = yh\M^{u),Kr)f 



In this case, the generating function can be written down as 

n 
n 

Y,h'{\LlO\L\{n))t- 

n 

1 



t) 



l+l' 



where / = dim ILL 



Obviously Q'^{n) has no higher cohomologies for n > 0. And the formula 
is exactly what we expect and it matches Gottsche's result on the side of rank 
2 sheaves. Hence we have 

Corollary 4.1.4. Let X be the projective plane or some Hirzebruch surface, 



and let L be an effective line bundle on X as in Proposition ^^.l.L Let u 
(0, L, x{'^) = 0) and Cn = (2, 0, n), then we have for all n > 

x(M(cJ, AJ = x(M(w), A,J = h%Miu),X,J. 



4.2 Some properties of M^{ 



u, 



In this subsection we are going to prove some properties of the moduh space 
M^{u). Those results provide part of the key ingredient for our later argument, 
when we deal with the positive genus cases. 

Now we let the surface X and the effective line bundle L be as in Example 
KTT\ and KT2\ as follows. 

Example 4.2.1. Let X = P^, and H be the hyperplane. Let L = dH with 
d>3. 

Example 4.2.2. Let X = P(Cpi ©Cpi(-e)) fore = 0, 1, with F the fiber class 
and G the section class. G.G = —e. Let L = 2G+nF, for any n > max{l, 2e}. 

Let K be the canonical divisor on X. Denote / to be dim \L\, g^ the 
arithmetic genus of curves in \L\. As one can see, we always have ql > 0. 

We have a natural morphism vr : M^{u) -^ \L\ sending every sheaf to its 
schematic support. It is easy to see that fibers of vr over integral curves are of 
dimension g^, but fibers over non- integral curves might not be of dimension 
gi- Let iLp"* denote the biggest open subscheme in |L| formed by the points 
where fibers of vr have dimension gi. Of course, |L|'"* contains all points 
corresponding to integral curves. 

We can see that L satisfies three conditions as follows: 

(Ai) There is a very ample divisor H, such that for any < L' < L, 
either L'.{K + H) < or L' = G or 2G on X = P(Cpi © Opi(-l)). 

(A2) For any < L' < L, if gii < then any curve in \L'\ contains no 
subscheme of positive genus; and moreover for any collection of effective line 
bundles {Lj} such that L = Y^Li, we have ^ ^i + ^ 'fncix{gL^, 0} + 2 < / + gf^ 
with li the dimension of |Lj|. 

(A3) There are connected smooth curves in |L|, and non-integral curves 
are contained in a subset of codimension 2 in \L\. Hence \L\ — iLp"* is of 
codimension at least 2 in \L\. 

From now on for simplicity let M = M^{u) and iVf = M^{u)^. 

Lemma 4.2.3. The moduli space M is normal and Cohen-Macaulay, and its 
stable locus M^ is smooth of dimension L.L + 1 = I + g^. 

Proof. Let J-" be a semistable sheaf of class u. From condition (Ai) we know 
that L'.K < for all < L' < L, which together with the semistability of J-" 

10 



implies the vanishing of Extl{J^, F), since Ext^( J", J^Y ~ Hom( J", F®K) = 0. 
Hence we have the smoothness of both M^ and the Quot-scheme Qu ■ The whole 
moduli space M is normal and Cohen- Macaulay because it is a good quotient 
of a smooth scheme by a reductive group (see [1]). To get the dimension is 
just a direct computation. D 

Remark 4.2.4. Because sheaves in M are torsion sheaves with rank zero, the 
trace map tr : Ext^{J^,J^) — t- H^(Ox) 'may not he surjective if H^{Ox) is not 
zero. Then it will be more difficult to compute the dimension of M^. 



Remark 4.2.5. Lemma \4-2.3\ also holds for Mn ■= M{un) withun = (0,L,x('u„ 
n) and n any integer. 

Lemma 4.2.6. The strictly semi-stable locus, i.e. M — M^, is of codimension 
at least 2. 

Proof. To see M—M'^ is of codimension at least 2, we can just follow Le Potier's 
method to prove Proposition 3.4 in [10]: there is a injective map from M — M^ 
to [Jj2u,=uiIli^x{'^iY)^ where Ui = {0,Li,x{ui) = 0) for some effective Li, 
and the union is taken over all the collections {ui} such that 'Y^Li = L. There 
are finitely many of such collections. So the condition ( A2) and Lemma 14.2.31 
imply that M — M* is of codimension at least 2. D 

Recall the quotient in (12. ip 

fi„^^M, (4.5) 

where 0^ is a good quotient by some reductive group G. Denote fi^™ to be the 
open subscheme of VL^ consisting of all the sheaves that are locally free on their 
supports. Let M"*™ be the intersection of M* with the image of ^2^™ through 
ipu- Notice that there might be strictly semi-stable sheaves that are locally free 
on their supports, hence M'^"^ C 0„(i7^™) in general. 

It is proven by Le Potier (|T0|, Proposition 2.8 and Proposition 2.9) that 
TT o 0„ restricted on fi^™' is smooth and vr restricted on M*™ is smooth. 

Lemma 4.2.7. Vtu — ^^ is of codimension no less than 2 in Qu- Hence fl^ 
is dense in Qu- 

Proof. It is also proven by Le Potier ([ID|, Lemma 3.2) that Qu ~ ^^ is of 
codimension 2 when the surface is P^. However we can just follow his method 
and finally get that: For every closed point ["H — > J-"] G Qu with J-" not locally 
free on its support, if the sheaf Sxt^{J^,J^) is globally generated, then it is 
contained in a subset of Qu — ^^ which is of codimension at least 2 in Qu- 

11 



By Castelnuovo-Mumford Theorem ([12]; or [D], Lemma 1.7.2), if for 
all i > 0, H\Sxt^{J^, J-'){—iH)) = with H some very ample line bun- 
dle, then Sxt^{J-',J^) is globally generated. Since J-" is of dimension 1, we 
know that H^(nom{J^,J^{-iH))) = and W{£xt\j^,T){-iH)) = for all 
i and j > 1. And also by Lemma 14.5.131 in Appendix A, we know that J-" 
has a locally free resolution of length 1, hence SxP{J^,J^{—iH)) = for all 
i and j > 1. Therefore by the spectral sequence we have Ext^(J-', J-'(— i/)) ~ 
H\£xt\J^,J^{-H))). 

By Serre Duality, Ext'^{J^,T{-H)) ~Hom( J^, J^(iJ + K)Y . For X = ¥^ 
or pi X P\ Condition (Ai) says that for all < L' < L, L'.{H + K) < which 
together with the semi-stability of J-" lead to the vanishing of Hom(J-', J^{H + 
K)). And hence we know that Qu — ^^"^ is of codimension at least 2 in Qu for 

X = P2 or P^ X pi. 

Let X = P(Opi ©C>pi(-1)) =: P^ i.e. X is obtained by blowing up P^ at 
a point. Let L = 2G + nF with n > 3 and H = G + 2F very ample. We only 
need to show that all closed points [H — )■ J-"] G Qu with Hom(J^, F{H+K)) ^ 
are contained in some subset of codimension at least 2. 

If Hom(J-', J-'{H + K)) 7^ 0, then J-" must contain a subsheaf J-"' semistable 
of Euler characteristic zero such that B.om{J^ , J^' {H + K)) ^ 0. Then we must 
have Ci(J-'') = «[Cg] with Cg the only curve in class G and z = 1 or 2. By 
Proposition I4.1.H we know that every semistable sheaf of Euler characteristic 
zero on 2G is S'-equivalent to Ocd—l) © Ocg{.~^)- Hence with no loss of 
generality, we assume J-"' is supported at the curve Cq — P^ and J-"' ~ J^'{H + 
K) ~ Ocg{—^)- Then we have the following exact sequence. 

O^Ccg(-I) ^^^^^0. (4.6) 

Since Hom(J^, (9cq(— 1)) ^ 0, either Oca{—^) is a direct summand of F then 
sequence (14.61) splits or there is a nonzero morphism Q — )■ Oca{~^)- We define 
two subsets of Vt^ — f^^ as follows. 

Si := {[H — > J-"] G r2„|(9c'g(— 1) is a direct summand of J-".} 

S2 := {[H — 7- J-"] G Q.u\with T in sequence (14.61) and Hom{Q, (9c'g(— 1)) 7^ 0}. 

It will suffice for proving the rest of the lemma to show that both Si and 
S2 are of codimension at least 2 in fi„. It is easy to compute that dim Si = 
dim Qu — G.{G + nF), hence Si is of codimension > 2 in fi^ as n > 3. 

Now we estimate the dimension of S2. In sequence fl4.6p the sheaf Q 
is semistable and ci{Q) = G + nF. Moreover since Ocd—l) is stable, every 



12 



nonzero morphism Q — )■ Ocq{—1) must be surjective. Thus Q must lie in the 
following sequence 

^ IC ^ g ^ Oc^{-l) ^ 0, (4.7) 

where /C is semi-stable of Euler characteristic zero and Ci(/C) = nF. By Lemma 
14.5.141 in Appendix B, the space of isomorphic classes of such IC has dimension 
equal to n = dim \nF\. 

For the fixed /C, all the isomorphic classes of Q in (14. 7p form a space 
of dimension no larger than dim (Ext^ {Ocg{~^) y ^)) /^m- Since for i = 0,2, 
Ext' {Ocg{-^),IC) = 0, dim {Ext\Oca{-^),K:)/G,n)=G.nF - 1 = n ~ 1. 

Fix the sheaf Q, then the different choices of J-" in (14. 6 p form a space of di- 
mension at most dim (Ext"^(^, OcG{—l)))/'Gm- Notice that Ext^(^, Oca{—l)) = 
0, and dim Hom(^, C>Cg(-1)) = 1. Hence dim (Exti(^, C»Cg(-1)))/G„^ = 
G.{G + nF) + 1-1 =n-l. 

Finally we know that (i^m S2 < dim,}lom.{'H,'H) — l + n + {n — l) + {n — l). 
On the other hand we have dim, Qu = dim, Hom(?^, T-t) — I + ql + L By a direct 
computation, we get (?l + / = 4n — 3. Hence dim, S2 < dim, fi^ — (n — 1), and 
hence the lemma as n > 3. D 

Lemma 4.2.8. Qu is irreducible. 

Proof. Since Q^ is dense in fi„ by Lemma [4. 2. 71 it is enough to show that Q^ 
is irreducible. Since Q^ is smooth, it is enough to show that it is connected. 
We assume that fi^*" = Ui U U2 with Ui and U2 are open and [/i n f/2 = 0. 
Let V C \L\ be the open set parametrizing smooth curves. And obviously 
U := (tt o (f)^)~^[V) is connected and open in ^^. Hence U is contained in 
f/i or 1/2- Let U be contained in Ui, then U2 is contained in the preimage of 
\L\ — V in fl^. On the other hand, vr o 0^ restricted on Q^ is smooth hence 
the preimage of |L| — ^ in Q^ has dimension less than the dimension of flu- 
But Qu is smooth and equidimensional and every nonempty open subscheme 
of it has the same dimension as it. Hence we know that U2 has to be empty 
and fl^ is connected and hence the lemma. D 

Corollary 4.2.9. The moduli space M is irreducible. 

Remark 4.2.10. For any integer n, the stable locus M^ of Mn (as defined in 



Remark\4.2.5\) is irreducible. 



We now study the dualizing sheaf on M. 

Proposition 4.2.11. Let u be the canonical line bundle on M^ , then u ~ 
(7r*)*(9|L|(l)®^'^, with TT* obtained by composing the open embedding from M* 
to M with TT. Moreover, the dualizing sheaf on M is locally free and isomorphic 
to 7r*C|i|(l)®^-^. 
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Proof. Since M is normal, the dualizing sheaf on M is the push forward of 
the canonical bundle on its smooth locus. On the other hand M is Cohen- 
Macaulay and M — M"" is of codimension > 2. Hence if w ~ (n^yOm^l)®^-^ , 
then the push forward of a; to M is the dualizing sheaf on M and isomorphic 

to 7r*0|i|(l)^^-^. 

It will suffice to prove that det (Tms) = {n^yOmi-l)^^'^ , where Tm^ is 
the tangent bundle on M*. 

Restrict the quotient in (14. 5p on M^ and we get 

K^^M'. (4.8) 

Since 0* is a principal PG-bundle , we have (0^)* : Pic (M^) — )■ Pic^'^{VlD is 
an isomorphism. And also because there is no surjective homomorphism from 
PG to Gm, the natural morphism Pic^^iVtD — > Pic{QD is injective ([13] Chap 
1, Section 3, Proposition 1.4). Hence it is enough to prove that 

det {cPIYTm^ ^ (0:)*(vr^)*O|L|(-l)«^-^. (4.9) 

Because of Lemma 14.2.71 we know that it is enough to show the isomor- 
phism in (14.91) restricted on Q^ fl fi^, i.e. we prove that 

det (0:)*rMHnrnQs ^ (0:)*(vr^)*O|i|(-l)«^-^b.™nns. 

We have a universal sheaf on X x fi* . We denote it a.s S. Then 

S >-XxQl (4.10) 




By Theorem 10.2.1 in [9], we have 

*rMs=£xtl{£,£). 



IS \ *' 



For every closed point m G il^, we have Ext*(£m,^m) = 0, for alH > 2 
and Ext^{Srn,£m) = C. Hence Sxtp{£,S) = p^'Hom{£,£) is a line bundle on 
n^, and moreover isomorphic to O^j because it has a global section non- 
vanishing everywhere. £xtp{£,S) = 0, for all ^ > 2, because fiberwise they are 
ExV{Sm,£m)- Therefore 

[det R'{p o nom{S, S))] = [det Sxtl{S, S)'^]. (4.11) 
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By Proposition 14.5.1^ in Appendix B, we know that 

det R'{po'Hom{S,S))\ns^n.r,ns^ ^ (O*(7r^)*0iL|(-l)®^-^bii'"nn- 

Hence 

det (0:)*rA/.bs-nns ^ (0:)*(7r^)*O|i|(-l)«^-^|o^".nns. 
And this finishes the proof of the lemma. D 



Remark 4.2.12. Proposition \4 -2.111 holds for Mn, as long as M„ — M^ is of 
codimension > 2 in M„ . 



'n- 



We then have a result in the theory of Compactified Jacobians of integral 
curves as a corollary of Proposition I4.2.11I 



Corollary 4.2.13. Let X and L be as before, i.e. as in Example \4. 2. 1\ and 



4.2.2\ Let C be any integral curve in \L\. Then on the compactified Jacobian 



Jd which parametrizes pure sheaves of rank 1 of degree d on C , the dualizing 
sheaf uj^ is trivial. 

Proof. For any integral curve C in |L|, the fiber of vr over [C] is a complete 
intersection by / divisors in |7r*0|£,|(l)| in the smooth locus M^ and it is iso- 
morphic (not canonically) to the compactified Jacobian J^, of C. Hence by 
Proposition 14.2.11] we have the lemma. D 

Remark 4.2.14. It has been proven by Altman, Kleiman and larrobino that 
on the compactified Jacobian of an integral locally planar curve, the dualizing 
sheaf is invertible. But in general it is not known whether it is trivial. 



4.3 Positive genus cases and r = 1. 

Let M and be the same as before. Then we have 
Theorem 4.3.1. 1, R^tx^Q'' = 0, for all r > 0. 

2, For all r > 0, vr^.B'" is torsion-free on \L\, and locally free of rank r^^ 
on |L|*"*. In particular when r = 1, tt*© ~ C^|l|, hence 7r*6 is locally free on 
the whole linear system \L\. 

Statement 2 of Theorem 14.3.11 implies that for all ql > 



n 



ty 



This coincides with the formula on the side of rank 1 sheaves. Thus we have 
a corollary. 
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Corollary 4.3.2. Let X and L be as in Example \4-S.l\ and\4.2.^ Let u 



(0, L, x(m) = 0) and Cn = (1, 0, n), then we have for all n > 

/i°(M(c„),A„) = /i°(M(m),A,J. 
And moreover the morphism D in U.3\) is an isomorphism. 

Proof. To show D is an isomorphism, it is enough to show that it is injective. 
We choose a collection of generators {sj} of if°(M, Ac„), and we then show 
that we can find a collection of ideal sheaves {/j} with [Jj] G M{cn) for all i, 
such that for each i the divisor Di = {[J-'] G M\h^{J^ (8> /«) 7^ 0} is the zero set 
of Si. This will suffice to prove the injectivity of D. 

Denote a; to be a single point in X, let /^ be the ideal sheaf of x. For any 
[J"] G M we have 

-^ Tor\T, O^) ^ T ® l^ ^ J^ ^ J^ ® O.^ ^ 0. 

Denote Cjr to be the supporting curve of J-". Notice that: if x ^ Cjf, then 
Tor\J^, O^) = and J^ ® 4 ~ J"; if a; G Cj-, then Tor\J^, O^) is of zero 
dimension and hence has nonzero global sections. Hence we know that 

/i°(J^ ® 4) ^ ^ h\j^) ^Qor xeCr- (4.12) 

Given a point a; G X which is not a base point of |L|, we can define 
a hyperplane in \L\ by asking curves to pass through x. We choose / + 1 
points Xq,...,xi G X, such that the corresponding hyperplanes Pj intersect 
transversely. Then sections induced by Pj's generate H^{\L\,0\l\{1)) and we 
say that the collection V = {xq, . . . ,xi} is regular. 

For 0(n) with n > 1, we choose n regular collections Fj = {xg, . . . , x^, } 
for 1 < i < n, such that FjflFj = if i ^ j. We take a collection of ideal sheaves 
{Ix} with X = {x}_^, . . . ,x^^}. We can see that #{/x} = (^ + !)"• And denote 
s^ to be the section induced by the divisor D^ = {[J^] G M|/i°(J^ (g) /^) 7^ 0}. 

We have the following morphism m defined by multiplication 
m : i7°(M, 6) ® i/°(M, 7r*C,i,(l))®" ^ /f°(M, e(n)). 

Because of fl4.12p . we know that s^'s generate the image of m. Hence 
they generate H^{M, Q{n)) because of Lemma [4. 3. 3[ 

And hence we have proven the corollary. D 
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Lemma 4.3.3. tt^Om — tt^,© ^ 0\l\ and the following morphism mi defined 
by multiplication is surjective for any n 



mi : H%M,7r*OiL\{l)) ® H%M,e{n)) ^ H%M,e{n + 1)). 



(4.13) 



Proof. Since Om is a subsheaf of 6, we have 7i^:Om is a subsheaf of 7r*9 and 
hence tt^,Om is a subsheaf of 0\l\. But on the other hand, h^{\L\,7r^OM) = 



h%M,0_ 



Mj 



1. Thus Ti^O 



M 



o 



\L\- 



On |L| we have that the following morphism m'l defined by multiplication 
is surjective for any n 

m[ : H%\L\,O^L\il)) ® H%\L\,O^L\{n)) ^ H%\L\,O^L\in + 1)). (4.14) 

And since it^Om — C^\l\, the morphism 

TT, : H%M,7i*O^L\il)) ^ /7°(|L|,0|i|(l)) 
is a canonical isomorphism. And also the morphism 

nf : H%M,Q{n)) -^ H%\L\,0\L\{n)) 



is a isomorphism for any n. And hence the surjectivity of mi in (14.131) can 
be deduced from the surjectivity of m,'i in (I4.14p . So we have proven the 
lemma. D 



Proof of Statement 1 in Theorem 4-3. 1\ From the spectral sequence we have 
H\M, e'{s)) -^ H%\L\, R'Ti.e' ® C(s)) ^ H^{\L\,n,e'' ® 0{s)), (4.15) 



And for any r > 0, according to Proposition 14.2.111 and the ampleness 
of Q''{s) for s > 0, we know that H\M,Q''{s)) = for s > 0. And also 
H'^{\L\, vr^O'" (8) 0{s)) = for s ^ because vr^.O'' is coherent on \L\. Hence we 
have i7°(|L|, i?%,e'^ ® 0{s)) = for s > 0, then R^tt^Q"^ has to be zero. D 



To prove Statement 2 of Theorem 14. 3. 11 we first show two lemmas. Recall 
that |L|*"* consists of points over which the fibers are of dimension ql- We 
define M*"* by the following Cartesian diagram 



M 



int 



\int * 



■M 



(4.16) 



Then we have 
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Lemma 4.3.4. tt*"* is flat and vr*"'*(j*6'') is locally free of rank r^^ on |L|*"*, 
and moreover i?*7r*"*(j*B) = 0, for all i > 1. 



Proof. We have already seen that both \L\ and M are irreducilbe. The flatness 
of TT*"'* is because |L|*"* is regular, M*"* is Cohen-Macaulay and every fiber of 
^mt jg Qf dimension gi- (See |8], III, Ex 10.9.) 

Every fiber over a point in |L|*"* is a complete intersection of / divisors 
in |7r*C|L|(l)|. Since H'{e''{s)) = 0,Vz > 0,s > 0, e^(s) restricted to every 
complete intersection of divisors in |7r*(9|2,|(l)| has no higher cohomology as 
s ^ 0. But fiberwise B'^(s) is isomorphic to G''. Hence 6^' restricted to every 
fiber has no higher cohomology, which together with the flatness of vr*"* implies 
the local freeness of tt^^B^" (see Theorem 12.11 in Chap. Ill in {8]). Lemma 
13.0.11 implies that 6|7r-i([c]) is the usual 6'-bundle on 7r^^([C]) ^ Jff~ and 
/i°(G''|7r-i([c])) = ''"^^ for C a smooth curve. Thus 7r*"*0'" is of rank r^^. D 

Lemma 4.3.5. M — M*"* is of codimension at least 2. 

Proof Because of Lemma |1]231 it is enough to show that M"* - (M*"* fl M*) 
is of codimension at least 2 in M*. 

Notice that M" - (M^"* n M") is contained in 

(M^™ n 7r-^(|L| - |Lr"*)) U(^^' ~ ^'"')- 
So it is enough to prove both the two sets above are of codimension > 2 in 

71 restricted to M^"^ is smooth. So condition (A3) implies that M^"^ fl 
7r^^(|L| — ILI™*) is of codimension 2. And we can easily deduce from Lemma 
14X71 that M' - M'"" is of codimension > 2. D 



Proof of Statement 2 in Theorem 4-3.1. We go back to the Cartesian diagram 



fl4.16p . As we proved in Lemma [4. 3. 41 7r*"*j*0^ is locally free on |L|*"* for r > 0. 
Since both j and i in fl4.16p are open immersions, we get 7r*"'*j*G'' ~ i*TT^Q^ 
which means that 7r*G^ restricted to ILI*"* is locally free for all r > 0. 

Moreover, M is Cohen-Macaulay, G^ is a line bundle on M, and M—M^"'^ 
is of codimension > 2. Hence according to the theory of cohomology with 
supports (see [7J Exp. HI, p. 8, Lemma 3.1), we have G^ ~ j*j*Q^ and hence 
7r*G'' ~ 7r*j*j*G'". On the other hand, because the diagram (I4.16P commutes, 
we have vr^.G'" ~ 'i*7r*'^*j*G''. We already know that 7r*"*j*G^ is locally free 
hence torsion-free on |L|™*. And i is an open immersion. So 2=i,7r*"*j*G'" must 
be torsion-free on \L\. 
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For r = 1, 7r*"*j*B is a line bundle on iLp"* with a global section non- 
vanishing everywhere, hence 7r*"'*j*0 ~ 0\L\int = i*0\L\. And because of (A3) 
we have that i:^i*0\L\ ~ 0\l\ and hence 7r*9 ^ vr*j*j*6 ~ (9|l|. 

This finishes the proof of Statement 2. D 

At the end of this subsection we prove a lemma which gives an estimate 
of the dimensions of all fibers of vr. The lemma will be used later. We recall 
that the locus 

De:={[J^]eM\h\j^)^0} 

is a divisor of B on M by Lemma I3.0.1I We have 

Lemma 4.3.6. For any point p G |L|, let Dp = Dq Pi n^^lp). Then we have 

ql < dim TT~^{p) < dim Dp + 1. 

Proof. Since every fiber is a closed subscheme defined by / equations and M 
is irreducible of dimension I + ql, we have dim 7r~^(p) > ql- 

To prove tt~^{p) < dim Dp + 1, it is enough to show that every irreducible 
component of 7r~^(p) has dimension no larger than dim Dp + 1. Let Fp be an 
irreducible component of 7i~^{p). If Fp fl Dq ^ 0, then Fp fl Dq is a divisor in 
Fp and hence dim Fp = dim {Fp fl D@) + 1 < dim Dp + 1. If Fp fl Dq = 0, 
then B restricted on Fp is isomorphic to the structure sheaf, so is B(n) for 
any n because Fp is contained in a fiber. But on the other hand B(n) is 
ample for n big enough, hence Fp has to be of dimension zero and hence 
dim Fp < 1 < dim Dp + 1. So we have proven the lemma. D 



4.4 Genus one case and r > 1. 

In this subsection we let Ql = 1 and prove this following theorem: 
Theorem 4.4.1. 1, iLp"* = \L\, hence vr is flat and -RV^B*" = 0, Vz,r > 0; 
2, for r > 0, vr.B" ~ 0\l\ © (C|l|(-0)®^-^- 

Statement 2 of Theorem 14.4. II implies that for ql = 1 we can write down 
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the generating function 

Z'-{t) = ^/i°(M,A,.)r = ^/i°(M,e''®7r*C|i|(n))r 

n n 

= Y,hWLlTx,{Q'-)®0\L\{n))t^ 

n 
l + t^ +t^ + ...+t'' 
(l-t)'+l ■ 

When r = 2, it matches Gottsche's computation. Hence we have 

Corollary 4.4.2. Let X and L he as before and moreover gi = 1. Let u = 
(0, L, x{u) = 0) and Cn = (2, 0, n), then we have for all n > 

xiM{cn), Xu) = x(M(u), A,J = h'iMiu), A,J. (4.17) 

Proof. For any r > and n > 0, Q^{n) has no higher cohomology This is 
because 7r^,(G''(?7,)) has no higher cohomology and K^tc^Q"^ = 0. D 



Proof of Statement 1 in Theorem 4-4- ^ Notice that for any [C] G \L\, the 
structure sheaf Oc on C is stable and of Euler characteristic zero. Hence 
for any [J^] G Dq supported at curve C, J-" ~ Oc- And hence we know that 
Dq restricted to every fiber of vr is a point and by Lemma [4. 3. 61 we know that 
every fiber of vr is of dimension ql. And hence the statement. D 

To prove Statement 2 in Theorem 14.4. ![ we need some lemmas. 

Lemma 4.4.3. There is a embedding t : \L\ -^ M induced by the structure 
sheaf of the universal curve in X x \L\. Moreover i provides a section of vr 
with its image the Q-divisor Dq, where Dq consists of all the [J-'] such that 
h°[J^) ^ 0. And hence Dq ^ \L\. 

Proof. In X X \L\, there is a universal curve C such that every fiber Cg is just 
the curve represented by point s in \L\. 



^X X |L| (4.18) 




The structure sheaf of C induces an injective morphism embedding \L\ 
as a subscheme of M. 

I : \L\ -^ M. 
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One can see that the image of i is Dq and i also provides a section of the 
projection vr. D 

Lemma 4: A A. Q'''\De — 0\L\{—r) 

Proof. According to Lemma 14.4.31 and the universal property of 0, we know 
that O^Idq = z*e'^ ~ (rfet(p![Oc]))"^ with C and p the same as in fHl8|) . 

We have an exact sequence on X x \L\. 

^ q*Ox{-L) ®p*0\L\{-l) -^ Ox^\L\ ^ Oc ^ 0. 

Hence {det{p^\Oc]))-^ ^ {det{p^\Ox>,\L\]))'^®det{p^[q*Ox{-L)®P*0\^{-l)]) 

And also det{p^{Ox-^\L\]) ^ 0\l\- det{pi[q*Ox{-L) ® p*0\L\{-l)]) ~ 
C)|^l(_l)®x(Cx(-i))_ 

Since curves in |L| are of genus 1, which means that the structure sheaves 
of the curves have Euler characteristic 0, and hence x{C)x{—L)) = xi^x) = 1- 
So we have O^Idb — C'|l|(0'^) — 0\L\{—r). And hence the lemma. D 



Proof of Statement 2 in Theorem 4-4-1' ^^ ^ 'we have the exact sequence 



^ 6" ^ 0"+^ ^ e'^+^Q ^ 0. (4.19) 

Push it forward via vr to \L\. Because of Lemma [4.4.31 and Lemma [4.4.41 we 
have 7!'^:Q^'^^\dq — 0\L\{—r — 1). Hence we get 

-^ 7r,0" -^ 7r,0"+^ -^ Omi-r - 1) ^ 0. (4.20) 

We have zero on the right because of Statement 1 in Theorem 14.3.11 And by 
the Statement 2 in the theorem, we know that 7r^.0 ^ ^\l\- Then we have 
0^ ~ 0\L\ © 0\L\{—2) and by recursion we get the formula for tt^Q'". This 
finishes the proof. D 



4.5 Genus two cases and r > 1. 

There is no curve of genus two in P^ , we only have two examples as follow. 
Example 4.5.1. X = P(Opi ©Opi(-e)), with 6 = 0,1; and L = 2G + {e + 3)F. 

Let X and L be as in Example 14.5.11 and we have the following theorem: 
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Theorem 4.5.2. 1, |L|*"* = \L\, hence vr is flat and _RV*6'' = 0,Vi,r > 0; 
2, for r > 0, we have: 

Statement 2 of Theorem 14.5.21 imphes that for X and L in Example 14.5.11 
we can write down the generating function 

n n 

n 

^ i+3t^+E:=3((^+i)^^+(^-2)f+^) 
(i-t)'+i 

When r = 2, it matches Gottsche's computation. Hence we have 

Corollary 4.5.3. Let X and L be as in Example\4-5.1\ Let u = (0, L, x{u) = 



0) and Cn = (2, 0, n), then we have for all n > 

x{M{cn),\u) = x{M{u),KJ = h\M{u),K„). 

On M we have an exact sequence for r > 

0^0"^ 6''+^ -^ De{&''^^) -^ 0. (4.21) 

Push it forward via vr to \L\. By Statement 1 in Theorem 14.3. H we have 

-^ 77,6" -^ 7r,e"+i -^ 7r,De(e"+i) -> 0. (4.22) 

Then we see that Statement 2 in Theorem 14.5.21 is just a consequence of the 
following proposition. 

Proposition 4.5.4. Forr > 2, 7i^De{Q'') = C|i|(-r)®'^+^©C|i|(-r- l)®'-^. 

Before proving this proposition, we need to show some lemmas. 
Lemma 4.5.5. Dq is Cohen- Macaulay. 

Proof. This is because M is Cohen-Macaulay and Dq is a divisor in M. D 
Lemma 4.5.6. Dq — Dq is of codimension > 2 in Dq. 
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Proof. Let J-" be a strictly semi-stable sheaf S-equivalent to (BiJ-'i- Then J-" 
has a nonzero global section if and only if one of the J-^'s has. Hence strictly 
semi-stable points with nonzero global sections form a closed subscheme of 
codimension 1 in M — M^. Then the lemma follows because M — M* is of 
CO dimension > 2 in M . D 

For the stable points in Dq, we have the following description. 

Lemma 4.5.7. LetC he a curve in \L\. Let J^ he a sheaf of Euler characteristic 
zero with schematic support C. Then T is stahle and has a nonzero glohal 
section, i.e. [J-"] G Dq -^ T lies in a non-splitting exact sequence 

O^Oc^J^^Op^O, (4.23) 

with p a point (with reduced structure) in C, and T does not contain a suhsheaf 
of Euler characteristic zero. 



Moreover, if T lies in the non-splitting sequence lli4-23\ ) and contains a 



suhsheaf of Euler characteristic zero, then it is strictly semi-stahle and C is 
not integral. 

Proof. " ^" : Let J-" be a stable sheaf supported at C with a nonzero global 
section, then we have 

Oc^-^, (4.24) 

with s 7^ 0. 

If s is not injective, then its image is a quotient of Oc hence is isomorphic 
to Oc' with C some closed subscheme in C. Since s is nonzero, C ^ 0; and 
also s is not injective, C C C. On the other hand, C is a curve of arithmetic 
genus 2 and for any subscheme C C C, C is of genus no larger than 1. Hence 
x(0c") ^ which contradicts the stability of J-". Therefore we have that s is 
injective. 

As s is injective, it is easy to see that the cokernel of s is a sheaf of 
dimension zero and of Euler characteristic 1, hence it is the structure sheaf 
over a reduced point p with p & C. Hence we have 

O^Oc^J^^Op^O. (4.25) 

And of course J-' can not have a subsheaf of Euler characteristic zero. 

"<^": Let J-" be a sheaf which is a nontrivial extension of Op by Oc, with 
p a point with reduced structure in C. Then we have 

^Oc^^J^^^Op -0. (4.26) 
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It is easy to compute that x(J^) = and also easy to see that T is pure. We 
want to show that for any proper subsheaf Q of J-", x(^) is non-positive, and 
this will suffice for the proof of the rest of the lemma. 

Given Q a proper subsheaf of J-", we see that v{Q) is a subsheaf of Cp, 
hence viff) = or f (^) = Op. 

If f (^) = 0, then Q is actually a subsheaf of Oc and hence it is a ideal 
sheaf I of some closed subscheme C C C. C can be of dimension 1 or dimen- 
sion 0. But in both cases we have x(C'c') > and hence x(^) ^ ~1 because 

If 'y(^) = Cp, then we have 

-^ Ker ^ g ^ Op ^ 0. 

Ker is a subsheaf of Oc, hence xi^er) < —1 or Ker = 0. If Ker = 0, then 
^ ~ Op and the sequence fl4.26p splits which is a contradiction. If Ker ^ 0, 
then x{G) < with equality if and only if x{Ker) = — 1. 

And finally if x{Ker) = —1 and Ker ^ Oc, then C must be either 
reducible or non-reduced since Oc/Ker can not be a sheaf of dimension 0. D 

Remark 4.5.8. For any curve C in |L|, let p he a point in C with reduced 



structure and denote Ip to be the ideal sheaf of p in C. Then from Lemma 4-5.7 
we see that 'Hoin{Ip., Oc) is semi-stable and has nonzero global sections for any 
p E C. And moreover when p is a smooth point, 'Hom{Ip., Oc) is a line bundle 
on C . 

Remark 4.5.9. Actually for any single point p G C, (Ext^{Op, Oc) — {0})/Gm 
is just one point and hence if T lies in an exact sequence {4.20^ , then T ~ 
ncym{Ip,Oc). 

Let dc be the dimension of Dq restricted to the fiber of vr over the curve 
C. Now we know that dc is no larger than the dimension of the curve, hence 
(i(7 < 1 for every [C] G \L\. And when C is integral, dc = ^-. 



Proof of Statement 1 in Theorem 4-5.2. We know by Remark 14.5.91 that Dq 
restricted to every fiber is of dimension no larger than 1. Dq — Dq restricted 
to a fiber over a non-integral curve [C] is a finite set of points, each of which 
corresponds to the S-equivalence classes of Oc" © Oc'{—l) with C" a compo- 
nent of arithmetic genus 1 and C" ^ P^. Thus we know that Dq restricted to 
every fiber is of dimension no larger than 1 . And by Lemma 14.3.61 we know 
that Dq restricted to every fiber is of dimension 1 and every fiber of vr is of 
dimension 2, and hence the statement. D 
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Denote C to be the universal family of curves in X x \L\ parametrized 
by |L|. C is a smooth projective scheme. We then define a morphism from C 
to M with its image in Dq, as following. 

Let A : C — !■ C X|i| C be the diagonal embedding. Then A is a closed 
embedding and the image of A is a divisor in C x\i^\ C. We denote Ja to be 
the ideal sheaf of A(C). Notice that /a is not locally free on C x\i\ C, because 
C X\L\C is not smooth. 

Since X x C = X x \L\ xn\C, we have 



C 



-^C X 



t ^ X X C 



c 



Pi 



X X \L\ 



■c 



\L\. 



(4.27) 



We can see that {i x idc)*'Hom{I/:^, Ocx^c) is flat over C, because re- 
stricted to the fiber over any point p E C, it is 'Hotjiq^ (Jp, Ocp) and has the 
same Hilbert polynomial restricted to every fiber. And because of Remark 
14.5.81 we know that {i x idc)*'Hom{I/:^,Ocx,i^,c) is a fiat family of semi-stable 
sheaves over C. Then it induces a morphism f : C ^- M. It is easy to see that 
its image is contained in Dq. 

We have a commutative diagram 




(4.28) 



Notice that 7f,(/*eO ~ 7rJ,(/*e'^) ~ 7r,(/,Cc ® O^- Proposition |4S3] 
follows immediately from the two following lemmas. 



Lemma 4.5.10. f^Oc ~ Odq- 

Lemma 4.5.11. 7f,(/*0^) ~ C|L|(-r)®''+^ 



Ci 



\er-2 



Before proving these two lemmas, let us first give some notations. Let 
\L\^ be the open subscheme of |L| containing integral curves. We can see that 
\L\ — \L\^ is of codimension > 2 in \L\. Denote C^ (resp. Dq) to be the preimage 
of \L\^ along vf (resp. vr). And Dq = Dq fl M'^"*, and also C° is the preimage 
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of Dq along /. Hence we have the following Cartesian diagram. 

C° ^C^ ^C . (4.29) 



/° 



f 



f 



Dg, Di D 



e ^ ^e ^ ^e 

Notice that Dq — Dq is of codimension > 2 in Dq. This is because of 
Lemma 14.5.61 and Remark 14.5.91 We also have 

Lemma 4.5.12. Dq is integral and Dq — Dq is of codimension > 2 in Dq. 
Hence Dq is dense in Dq. 

Proof. The moduli space M is irreducible by Corollary I4.2.9[ and Dq is a 
divisor in M. So if Dq is not integral, then we can write Dq = Di + D2 with 
Dj's divisors in M and dim D^ = dim M — 1 =1 + 1. On the other hand, Dq 
restricted to every fiber is of dimension 1. As a result for i = 1, 2, the image of 
Di along TT is a closed subscheme of \L\ of dimension / and hence is \L\. Then 
we know that Dq restricted to a generic fiber of vr is not integral. But this 
contradicts the fact that Dq restricted to a fiber over smooth curve is integral. 
So we know that Dq is irreducible and hence any open set in Dq is dense in 

Dq. 

Since Dq — Dq is of codimension > 2 in Dq, to prove that Dq — Dq is 
of codimension > 2, it is enough to prove that Dq — Dq is of codimension > 2 
in Dq. Let J-" be a sheaf in Dq — Dq. Let C be its supporting curve. 

Since C is integral, then J-" ~ 'Hom{Ip, Oc) with p a singular point in 
C. Hence Dq — Dq restricted to the fiber over C is empty if C is smooth and 
contains finitely many points if C is not smooth. 

This finishes the proof of the lemma. D 



Proof of Lemma 4-5. 10[ / is a projective morphism, and by Lemma 14.5.121 



we know that Dq is integral. Hence it is enough to show the following two 
statements: 

(1) / is a birational map; 

(2) Dq is normal. 

Because of Lemma 14.5.51 we know that Dq is Cohen- Macaulay. Hence 
it is normal if and only if it is regular in codimension one. Moreover since 
Dq — Dq is of codimension > 2, it is enough to show that Dq is normal. 
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Hence both Statement (1) and Statement (2) will follow if we show that /° in 
f l4.29p is an isomorphism. 

Now we focus on f°. Since f l4.29p is a Cartesian diagram, f° is projective. 
And it is easy to see that f° is bijective, and hence it is afiine. Then we also 
have /* : C^g, -^ f°C)c° is injective because of the surjectivity of f°. Moreover 
f° will be an isomorphism if /* is surjective. 

To prove the surjectivity of /*, by Nakayama's lemma, it is equivalent 
to show that /* restricted to every fiber of vr is surjective, i.e. for any y ^ \L\ 
we have /* : Od^ ® k{y) — )■ f°Oco ® k{y) is surjective. 

We restrict the commutative diagram f l4.28p to Dq and get 

(4.30) 




Notice that both W° and vr" are flat. This is because \L\^ is regular, both 
C° and Dq are Cohen- Macaulay and integral and also every fiber of W° and 7r° 
is of dimension 1. 

Since /° is bijective, we have R f°Oc'' = for all i > 0. And hence /° 
commutes with the restriction to the fiber, i.e. f°Oco k{y) ~ f°{Oco ® k{y)) 
for any y G \L\. Hence to prove the surjectivity of /* it is enough to show that 
f° restricted to the fiber over y is an isomorphism. 

Let C be the curve corresponding to the point y in \L\. Denote Cy : = 
C° X Spec k{y) and Dy := Dq x Spec k{y). One then can see that Dy is the 
moduli space parametrizing line bundles on C which are of degree 1 and have 
nonzero global sections, and hence there is a morphism h : Dy — )■ Pic^ C . Now 
we view the smooth locus of C as a closed subscheme of Pic^ C by assigning 
every smooth point p to [OcIp)]- It is easy to see that the image of Dy via h 
is Cy and h provides an inverse of f°. Hence f° restricted to every fiber is an 
isomorphism and hence the lemma. D 



Proof of Lemma 4-5.11 . We define C* to be the open subscheme in C by ex- 
cluding all singular points on every fiber of vf in diagram f l4.27p . One sees that 
C — C^ is of codimension > 2 in C Denote j : C — > C be the open embedding. 
Because C is smooth, we have that 



r 6'^ ^ j;j7*e'-. (4.31^ 
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We first compute j*f*Q^ and then push it forward along j to get /*B^. We 
have a Cartesian diagram 



C 



ixidr 



tCxmC^'-^^^XxC 



Pi 



C 



A 



idc xj 



C ^Cx 



L\ ^ ^X X C 



P2 



■c 



V\ 



VI 



C 



-^X X \L\ 



\L\ 



(4.32) 



By the universal property of 9, we have {j*f*Qy — det R'plo{idxy.\L\ x 
j)*{ixidc)Mo'm{lA,Ocx\nc) ^ det R'plo{ixidcs)^{idcXjyV.om{Ii^,,Ocy.^^f). 
And let /^ denote Ja restricted to Cxi^i^, then {idc xj)*'Hom{I/^, O, 
nom{P^,Oc 



^CXiLlC 



X|L|C 



Notice that vf o j is smooth and hence pi o [idc x j) is smooth. Then 
because C is smooth, C X|2,| C* is smooth. Then /^ is locally free on C X|i| C'', 
and so is 'Hom{I^,Ocx,L\C'')- We denote /^^ to be l-Lom{P^,OcxiuC=)- Since 
A'*(C'*) = A(C) n (C X|i| C**), we have an exact sequence on C x\l\ C 



^ Ocx|^|C^ ^ /r ^ C)a^(c=) ® /a ^ 



(4.33) 



We know that 



{ffey ~ det R'p'2 o{ix idcs),r^. 



(4.34) 



On the other hand, i is a closed embedding and so is z x idc- Hence 

R'p'^ o (z X idcs),r^ - R'{pl o (z X idcs))r^. (4.35) 



And because of sequence (14.331) . we have 



sV 



det R'{p2 {i X idcs))r^ 



(4.36) 



{det R'{p2 o (z X idcs))Ocx,L\C=) ® {det R'{p2 o (i x idc=))OA^c=) ® ^a^) 



First we compute det R*{p2 ° (^ x idc'^))Ocx\L\C''- 

Since the diagram (I4.32p is Cartesian and vf o j is fiat, we have that 

[R'{f2 ° (^ X ^dcs))Ocx,,f^] = [{lfojyR'{poi)Ocl 
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and 

det R'{pI o{ix idcs))Ocx^L^c- ^ (vf o jydet R'{p o i)Oc (4.37) 

Using the exact sequence on X x \L\ 

^ q*Oxi-L) (g)p*0\L\i-l) -^ Ox>,\L\ ^Oc^O, (4.38) 

where q : X x \L\ -^ X is the projection to the first factor, we get that 

[detR'{pot)Oc] = {detR'pOx^\L\)®{detR'p{q*Ox{-L)0p*O\L\{-l))y 
= C|L|(1)®>^(^^(-^)) = C|L|(2). (4.39) 

The last equahty is because x{^xi—L)) = xi^x) + fl'L — 1 = 2. 
Because of (I4.37P and (I4.39p . we have 

det R'{pl o {i X idcs))Oc>,,,fs ^ 3*1^*0\L\{2). (4.40) 

Now we compute det R'{p2 o (i x z(ics))C^As(c^) ® ^a- 

Notice that p| o (i x idc) restricted on A^(C^) is an isomorphism and 
P20 [i X idc) o A^ = idc- Hence 

R'if^ ° (^ X zdcs))OA'(^c^) ® r^ - (Ayr^. (4.4i) 

And morover (A^)*/|^^ is the relative tangent bundle Tcs/\l\ of the smooth 
morphism vf o j : C^ — )■ | L | . On X x | L | we have 

^ Tc/m -^ i*rxx\L\/\L\ -^ Mc, (4.42) 

where i is the closed embedding of C into X x |L| as in diagram f l4.32p and 
Mc is the normal bundle on C. Hence Nc — i*{q*Ox{L) ® p*0\L\{l)). When 
we restrict the sequence (I4.42p to C, it becomes a short exact sequence and 
hence we get 

^ Tcs/\L\ ^ft*rxx\L\/\L\^3*t*iq*OxiL) 0p*Omil)) ^ 0, (4.43) 

Because of (144T!) and (1443|) we know that 

det R'{p2 o {i X idcs))OAs(^c^) ® P^ ~ det Tc=/\l\ 
^ {det jVrxx|L|/|L|) ® {det j*i*{q*Ox{L) ® p*O^L\{l))y. (4.44) 
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Since Txx\l\/\l\ - q*Tx, we have 

det R'{p'^o{txidcs))OA^^cn®FA - detTcs,\L\^3*i*{q*0x{-L-K)®p*0\L\{-l)). 

(4.45) 

Combining ( HIMj) f lOSjl dOGjl fHIJOj) and (035]), we finally have 
j*re ~ fe{q*Ox{L + K)^ p*0\L\{-l)). 

And moreover because of f l4.31|) . we have /*© ~ ■i*(g*Cx(-^+-f^)®P*C|L|(-l))- 

Now in order to compute 7f*/*9'', we tensor the sequence f l4.38p by 
q*Ox{r{L + K)) ^ p*0\L\{-r) and get 

^ q*Ox{r{L+K)-L)®p*0\L\{-r-l) -^ q*Ox{r{L+K))®p*0\L\{-r) -^ /*e" -^ 0, 

(4.46) 

We have f*Q^ on the right in the sequence (14.461) because 
OMq*Ox{r{L+K))^p*0\L\{~r)) ~ z*{q*Ox{r{L+K))®p*0\L\{-r)) ^ /*e^ 

As X = P(Cpi © Cpi(-e)) and L = 2G+{e + 3)F, K = -2G - 2F with 
F the fiber class and G.G = —e, we have that for all r > 2, 

(1) H\r{L+K)-L) = 0, H^{r{L+K)-L) = H^{-{r-l){L+K)Y = 0, 
and hence h^{r{L + K) ~ L) = -x(r(L + K) - L) = r - 2; 

(2) H\r{L + K)) = 0, for i > 0, and /i°(r(L + K)) = x(r(L + K)) = r + 1. 

Then using sequence (I4.46|) one can easily compute 7f^,/*6^ and get the 
expected result. And this finishes the proof of the lemma. D 

Appendix. 



The conclusion of following lemma is somehow well-known, but we still give a 
proof here because we didn't find any good reference for any proof. 

Lemma 4.5.13. LetX be a smooth projective surface, and letu be its dualizing 
sheaf. Let F be a pure sheaf of dimension one on X. Then F has a locally free 
resolution of length one and F ~ F^^ := £xt^ [£xt^ [F, uj) , uj) . 
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Proof. On X we have an exact sequence 

O^E^P^F^O, (4.47) 

where P is a locally free sheaf on X. To prove the first statement of the lemma, 
it is enough to show E ~ E^^ := 'Ho'm{'Ho'm{E,u),u), i.e. E is reflexive. 

Let 'Hom{—,uj) act on fl4.47p and we get 

-^ nom{P,u) -^ nom{E,uj) -^ Sxt\F,uj) -^ (4.48) 

The on the left hand side is because of the vanishing of 'Hom{F,uj), which 
can be deduced from the fact that F is a torsion sheaf and u is torsion free. 
The on the right hand side is because of the vanishing of £xt^{P,u), which 
can be deduced from the fact that P is locally free. Moreover 'Hom{P,u)) is 
locally free and Sxt^{F, u) is a torsion sheaf of dimension one. 

Let 'Ho'm{—,uj) act on (I4.48P and then we get 

-^ nom{Sxt\F,uj),uj) -^ E^^ -^ P^^ -^ F^^ -^ Sxt\nom{E,uj),Lo) -^ 0. 

(4.49) 

'Hom{Sxt^{F,u),co) = 0, because £xt^{F,u) is a torsion sheaf and u is 
torsion free. So there is a injective morphism E^^ — )■ P^^, sending E^^ as 
a subsheaf of P^^ ~ P. E^^/E is a subsheaf of F by sequence 04.47p . But F 
is pure and E^^ / E is of dimension zero. Thus E^^ /E is zero and E ~ E^^ . 

As E is reflexive hence locally free, SxfiT-Lom^E, w), w) = and 'Hom{E, cu) 
is locally free. Then sequence 04.49P can be rewritten as 

^ E^^ -^ P^^ -^ F^^ -^ (4.50) 

Since every pure sheaf can be embedded into its reflexive hull, we have the 
commutative diagram 

^E ^P ^F *-0 (4.51) 



Ob 



dp 



8f 



*- E^^ ^ P^^ ^ F^^ ^ 

6e and 6p are both isomorphisms, so is Op, and hence F ~ F^^. D 

B. 

In this subsection we want to prove the following lemma. 
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Lemma 4.5.14. Let X he any Hirzebruch surface, with F the fiber class and 
G the section class. Let K, be a semistable sheaf of class (0,nF, 0) on X. 
If we fixed the schematic support of IC in \nF\, then there are finitely many 
isomorphic classes of such JC. 

Proof. With no loss of generality, we assume that the schematic support of /C 
is connected hence equals to nC with C ~ P^ since F.F = 0. We then want to 
show that /C ~ 0^ On,c{—G), with Ui positive integers such that J2i''^i = ""- 

We use induction. When n = 1, /C ~ Oc{—l) — Oc{—G) since G.F = 1. 
Then assume that we have proved the statement for all n < uq. Let n = uq. 
By Proposition 14.1.11 K, is S'-equivalent to Oc{—i)®"', so it has Oc{—i) as a 
quotient. Hence we have the exact sequence 

^ /C' ^ /C ^ Oc{-l) -^ 0. (4.52) 

By assumption, we have /C' ~ ©j=i On'.c{~G) with J2iK = ""-o — 1- We also 
assume < n'l < n2 < . . . < n'^. By a direct computation and Hirzebruch- 
Riemann-Roch, we have 

N N 

dimExt\Oc{-l),@On^^c{-G)) = dim Hom{Oc{-l),QOn'^c{-G)) 

i=l 1=1 

N 

= Y,dimHom{Oc{-l),On'^c{-G)). 

For each On'.c{~G) we have the following exact sequence 

^ 0(„^_i)c(-G) ^ 0^.c{-G) -^ Oc{-l) -^ 0. (4.53) 

For every nonzero element s eHom((9c'(— 1), (9„/c(— G)), r o s must be either 
zero or isomorphic. If it was isomorphic, then the sequence (I4.53P would split. 
Hence ros = and Hom(Oc(-l), a;c(-G)) ~Hom(Oc(-l), 0(^n'-i)c{-G)). 
So by induction we know that dim Hom(C(7(— 1), On'.c{.~G)) = 1 for all n[ > 0. 

Exti(Cc(-l), 0ii On'^c{-G)) ~ C^. We then assign to every element 
t = (ti, . . . , tjv) £ C^ — {0} a sequence as follow. Let < io < N such that 
tjo 7^ and tj = for all i > zq- 

— ef=i 0^>c{-G) -£ 0,^.0 <^Kci-G) © Ok^+i)c(-G) ^ O^(-l) ^ o. 

(4.54) 
The morphism /- restricted on On'.c{~G) is an isomorphism to its image for 
i 7^ zq. The image of C„/ c{~G) via /- is contained in 0j<j On'^c{~G) © 
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o, 



K +i)c(-G'). Let f-\o^ 



A-G) 



{gi, . . .,gio). Since n[ < n[ for all i < io, 



n'-C can be viewed as a subscheme of n[^C. For i < iq and ti j^ 0, gi : 

On'. c{~G) — 7- C„'c(— G) is the restriction (up to scalar) of C„' c(— G) to 

n[C. gi = a ti = 0. Finally gt^ is the usual inclusion (up to scalar) of 
On'^^ci-G) into 0(„,^^.i)^(-G). 



Hence we have that /C in (I4.52p must have the form 0^ 0^0 { 
thus the lemma. 



-G) and 
D 



c. 



In this subsection we let X be a smooth complex projective surface. We have 
the good quotient : f2 — )■ M{u) from the Quot-scheme Q to the moduli 
space M{u) of semistable sheaves of class u = (0, L, x{u) = n) with L some 
effective line bundle on X. Moreover assume L' .K < 0,\fO < L' < L with K 
the canonical divisor on X. Then there is a natural morphism tt : fi — )■ |L|. 

Denote f2*™ to be the open subscheme in Q consisting of quotients that 
are locally free of rank 1 on their supports. We have a universal sheaf on 
X X fi**™. We denote it as £^. Then we have 



^X xQ' 




(4.55) 



^sm jg s]2iooth by Proposition 2.9 in [10]. We have the following proposition. 
Proposition 4.5.15. On fi'"", we have 

det R'{ponom{£,£)) ~ (7r'^'")*0|L|(-l)^^-^. 

Proof. First notice that 

det [R'{ponom{£,£))] = det [R'p o R'nom{£,£)]. 



(4.56) 



We have a Cartesian diagram 



ire 

C 



^X xQ' 



-^X X \L\ 



pi 



Q' 



\L\. 



(4.57) 
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where C is the universal family of curves in \L\. 

We know that vr'"" is smooth and hence vr'^ is smooth. And C is smooth 
in X X |L|, hence C^ is smooth in X x fi'^™. The universal sheaf £ is supported 
at C^ and it is locally free on every fiber oi p o i. On the other hand, since 
Pi o ii is fiat, p o i is fiat and hence £ is locally free on C^. Now let us view 
f as a locally free sheaf on C^. Since i in f l4.57p is a closed embedding, for J^ 
any coherent sheaf on X x ^7'^"^, by coherent duality we have 

[R*l-Lo'mxy.n=-^{J^,i*£)] = [i*R"Homcn{Ocii ®^ F,£)], 
where ®^ means the fiat tensor as (9xxn™-niodules. 

Since £ is locally free on C^, we have in K(C'^) 

[R'Uomcn{Ocn ®^ £,£))] = [R'nomcn{Ocn ®^ Ocn,Ocn))]. 

And hence 

[R"Homxxn'>"^i'i'*£,i*£))] = [i*R"Homcn{Oci^ 0^ Oc!^,Ocn))] 

= [R"Homxxn'''^{i*Oci^,i^Oci^))]. (4.58) 

We have exact sequence on X x fi'^"^ 

^ q*0x{-L)®p*{7rn*0\L\{-l) ^ Oxxu^^ ^ ^c" ^ 0. 
Hence 

+ [?^omxxQ-^(g*Ox(-^) ®P*(vr^'")*0|L|(-l),g*Ox(-i^) ® J9*(7rn*(9|i|(-1))] 

- ['Homxxns^40xxns^,q*OxhL)^p*{7rn*0\L\{~l))] 

- ['Homxxns^{q*Ox{-L)®p*{n'"'yO\L\{-l),Oxxns^)] 

Hence we know that 
[R'Homxxn^^{t.Oc^,t.Ocn))] = 2[Oxxn^^] - [q*Ox{-L) ® p*{n'^yO\Li.ut{-l)] 

- [q*OxiL)0p*inn*O\LMl)] (4.59) 

Put fH3B]l fH^gjl K^ together, we get 

det[R%ponom{£,£))] = (7r^™)*C|i|,nt(-l)^W^)-^(-^)) 

= (7r"™)*Ciii..t(-l)^^-^ (4.60) 

This finishes the proof of the proposition. D 
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